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1 Introduction 



The basic notions of the noncommutative geometry were developed in [|T], §], 
and, in the form of the matrix geometry, in [0,3. The essence of this 
approach consists in reformulating first the geometry in terms of commutative 
algebras and modules of smooth functions, and then generalizing them to 
their noncommutative analogues. 

In standard field theory, to any point x of some space(-time) manifold M 
the values of various fields are assigned: 

X E M — > ^{x) ,A{x) , 

as sections of some bundles over M, e.g. the line bundle of functions, or the 
spinor bundle, etc. The smooth functions on M form a commutative algebra 
A = with respect to the standard pointwise product: {fg){x) = 

f{x) g{x), X E M. The bundle of smooth spinor fields S{M) on M is an A- 
module with respect to the multiplication by smooth functions, which simply 
means that any spinor can by multiplied by a scalar field. In the same way 
the linear spaces of gauge and other fields are ^-modules. If there exists 
a sequence of deformations of the commutative algebra A of the smooth 
functions on the manifold M, such that the deformed algebras are finite 
dimensional, we may attempt to formulate a deformed field theory which 
would possess just a finite number of degrees of freedom. Needless to say, 
this may be a promising avenue towards a suitable regularization of ill-defined 
field theoretical path integrals. 

Having the finite deformations of the algebra of scalar fields (= func- 
tions on the manifold M) a further step has to be made in order to obtain 
a physically useful regularization. It consists of building up deformed spinor 
bundles, gauge fields, etc., which would be also just the finite-dimensional 
vector spaces and at the same time modules of the deformed algebra A of the 
scalar fields. For a fixed deformation of A there may be many inequivalent de- 
formations of the corresponding modules. Therefore we would like to have a 
guiding principle that would select the deformations which could legitimately 
be called the noncommutative spinor bundles or spaces of noncommutative 
connections. In the general case of an arbitrary compact Riemannian man- 
ifold we are still missing this principle; however, for practical applications 
in Euclidean field theories it is enough to understand the noncommutative 
deformations of the spheres S"'. Then the guiding principle reads: build up 
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the noncommutative modules, which would be representation spaces of the 
symmetry group that rotates the sphere S"". 

It is also natural to require that the regularized field theory path integral 
respects the rotational symmetry. This significantly narrows the room for 
the possible deformations. Further restrictions come from a claim that some 
other desirable field theory symmetries are preserved in the deformed level. 
Amazingly, our experience so far shows that all relevant symmetries can 
be incorporated while preserving the finiteness of the number of degrees of 
freedom. To our knowledge this is an unusual (and very favourable) property; 
for instance the fashionable lattice regularization does not enjoy it. 

In our previous investigations ^, we dealt with the two-dimensional 
field theories, i.e. the manifold M was the sphere S"^. The real scalar field 
on a truncated (= deformed) sphere was considered in and, recently, we 
found a proper supersymmetric extension of this formalism ||^. In particular, 
the latter accounts for the description of the (chiral) spinor fields with van- 
ishing topological charge and gives a manifestly supersymmetric regulariza- 
tion of two-dimensional supersymmetric theories. Historically, the truncated 
two-sphere0 was introduced in , where the deformed algebra of functions 
emerged upon geometric quantization of the (symplectic) volume form on 
the sphere. Later the concept was rediscovered in [|, |, [T^. The first at- 
tempts to construct a field theory on the truncated sphere were undertaken 
in 1^, H we have included the details of the perturbation expan- 
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sion for the deformed quantum scalar field, the construction of the deformed 
chiral spinors and the regularization of the supersymmetric theories. 

In this article, we continue these investigations by constructing the de- 
formed topologically nontrivial spinor bundles needed for the inclusion of the 
monopoles. As was argued in the correct infinite volume limit (which 
means that the radius of the sphere approaches infinity) requires the consid- 
eration of the monopole configurations of the gauge fields interacting with 
the spinors. Hence, having in mind our ultimate goal of the physical appli- 
cability of the construction, we have to incorporate the spinor bundles with 
a nontrivial winding number. Remarkably, this can be done already at the 
'kinematical' level of the configuration space of the deformed field theory 
as opposed to the case of the lattice regularization, where the topologically 



^Also referred to as 'fuzzy', 'noncommutative' or 'quantum' sphere in the hterature 



2 



nontrivial configurations emerge only dynamically [0. 

The plan of the paper is as follows: All basic notions we need on complex 
scalar and spinor fields in the standard (commutative) case are summarized 
in Section 2. In Section 3 we first describe the topologically nontrivial con- 
figurations of a complex scalar field on a standard sphere in a more algebraic 
language, and then we generalize them to the noncommutative situation. 
In Section 4 we extend our approach to the topologically nontrivial spinor 
field configurations on the noncommutative sphere and write down a chirally 
symmetric field theory action. Section 5 contains concluding remarks. 



2 Topologically nontrivial fields on the sphere 

Here we briefiy describe the topologically nontrivial configurations of complex 
scalar and spinor fields on the standard two-sphere. The embedding S*^ > 
is specified by the Cartesian coordinates 

xi = rcos(/9sin^, X2 = r simp sin 9 , X3 = rcos9, (1) 

where r > is fixed, < < vr, — vr < (/? < +71. 

The complex scalar field $ on the upper hemisphere V+ {S'^ without south 
pole ^ 7^ tt) is a function of the variables 

X'l = r^/' cos ^ , x^ = -rV2sin^e^^ (2) 
which are well defined on V+: 

= = T.<rn.n.nXrx'rx7x7 ■ (3) 

The monomials in this expansion are characterized by their phase on the 
equator {6 = it/2) 

e — Xi X2 X I X2 \e=7T/2 ■ 

In the same way, the complex scalar field $ on the lower hemisphere V- 
(5*^ without north pole 6* 7^ 0) is a function of the variables 

// ^ -tip II • ^ ( A\ 

X 1 = ^ cos -e ^ , X 2 = sm - . (4) 
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Thus, 

Now, the monomials in this expansion have the following phase on the equator 
{e = 7r/2) 

A{ni-mi)tp _ 11*1712 imi»n2\ 

e — Xl X 2 X 1 X 2 \e=TT/2 ■ 

As Hk^k e |Z, we denote the hne bundle of sections with the same 
expansion coefficients as in eqs. (3) and (5): 

= Hx',x'n = E^-i-.n.n.xTxTxTx? • 
^" = ^(x",x"*) = E«-i-.n,n.x"rx"rxTxT , (6) 

and with k — + m2 — rii — ^2) fixed. On y+ fl VL they are related by 
the singular gauge transformation 

= 6*'^'^$" , (7) 

where k = 2/c is the so-called topological winding number. Obviously, 
A = Ho is an algebra, and Ti^ are ^-modules (with respect to the usual 
multiplication by functions from A). 

The presence of the gauge transformation (7) requires the use of the 
covariant derivatives: 

= id'^ + ^+ ' 

Here we introduced the topological («;-monopole) fields 

^'^ = ^^X'^^^X' , onV+ , 

K = i^x:'^V ' ^- ■ (9) 

On y+ n V- they are related by the singular gauge transformation (7): 

A'^=Al- ihd.h-' , h = e-^ . (10) 

A'^ote: We would like to stress that the presence of the topological n- 
monopole field is dictated by the nontrivial topology, and not by the dynamics 
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of a system in question. The dynamical gauge field = Afj,{x) is globally 
defined on S^, and it could be added to the topological one. In what follows, 
we shall not consider this possibility. 

The action for the complex scalar field on 5"^ can be written in the form 

S[^,m ^ J- f (fx6(x^-r^) [^*Dl^ + , (11) 

zirr J ^ 

where V{.) is a polynomial bounded from below. 

In the same manner, the spinor field ^ we define separately on the upper 
and lower hemisphere: 

As Sk we denote the bundle of spinor fields, which have their components 
from Tik'. 

l*mi i*m2 in\ /n2 



~ ^aiX-iX ) ^ '^mim2nin2^ 1 ^2 XlX 
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K - MX\X"1 = E<.rn.n.nyrx''rx'7x'7 , (13) 

where k — |(mi + m2 — rii — ^2) is fixed. Obviously, Sk are .4-modules. 
Alternatively, we can write the elements of the Sk in the form 

= f{x',xn ( ^; ) + 9{x',xn ( ^Jr ) ' """^-^ ' 

= f{x":Xn ( ) + 9{x":X'n ( ) , on T/_ . (14) 

The advantage of this form lies in the fact that both the / and g parts of 
this decomposition are separately eigenfunctions of the chirality operator 

r = -aiXi , cr— Pauli matrices , (15) 
r 
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with the eigenvalues +1 and —1 respectively: 



r*" = fix",xn 



x'l 
x'i 



- 9{x",xn 



I * 

/ * 
-Xi 



//* 



The action of the (Dirac) spinor field can be written as 
1 



27ir 



(16) 



where \& = '^^a^ , W{., .) is a gauge- and chiral- invariant potential describing 
the selfinteraction of the spinor field, and D is a Dirac operator defined as 



D' ^ r 



D" 



, on V+ , 



, onV- , 



(17) 



Here = a^ef (ef denote corresponding zwei-beins). Only the topological 
(K-monopole) gauge field enters into D, and not a dynamical one. The Dirac 
operator anticommutes with the chirality operator, 

DT + YD ^ . 

This guarantees the chiral invariance of the action (16). 

In the next two sections we first rewrite all relevant formulas in more al- 
gebraic terms, and then we introduce their truncated noncommutative ana- 
logues. 



3 Complex scalar field 

We start with the Hopf fibration obtained from the mapping — > 
defined by 




= (a;i,a;2,a;3) , 
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where 

= X"(^iX , i = 1,2,3 . (18) 

The restriction x^X = t > imphes x'f = r^, i.e. we obtain the fibration 
5"^ — > of a three-sphere in with the radius ^/r onto the two-sphere in 
with the radius r. Since Xi do not change under the transformation 

X ^e^'^x,X+ ^e-^'^x+, (19) 

we see that the fibre is U{1). 

As Hk, k E |Z, we denote the hnear space of functions in (or in 
after the restriction) of the form 

^ = *(x,x*) = E«-i™n.xrxrxrxr , (20) 

with k — |(mi -|- 777.2 — rii — 712) fixed (* denotes complex conjugation). 
Under (19) the functions from Tik transform as 

They are eigenfunctions of the operator 

Ko = l[x*adr. - Xad^J (21) 

with the eigenvalue k: 

We have an involutive gradation 

rtk — i^-k : nkiti Q- rtk+i 
with respect to the point-wise multiplication of functions 

($1, $2)(X, X*) = *i(x, X*) *2(X, X*) ■ (22) 

The space A — Ho endowed with the product (22) is a commutative algebra, 
which is isomorphic to the algebra of all polynomials in the variables Xi,i — 
1,2,3. Obviously, all Hk are ^-modules. 
The differential operators 

Jk = lixXapd^t. - Xpcr'^pd^J ,k = 1,2,3, (23) 
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map Tik to Tik and satisfy in Tik the s-u( 2) -algebra relations^] 

[Ji, Jj] = iSijkJk ■ (24) 

The formulas 

guarantee that x and x* transform like spinors under transformations gener- 
ated by (24), and consequently x transforms like a vector in R^. Moreover, 
the function C{x) = xf = {x^^iXY satisfies 

JiC{x) = , i = 1,2,3 , (25) 

i.e. C{x) is an invariant function as expected. 

Besides these operators we introduce operators and K_ defined as 

= tso^p X*a{d^,^) , K.^ = ^e^p (9^s$)X/3 . (26) 

They map Hk to Hk+i and Hk-i respectively. The operators K± and Kq 
satisfy su{2) algebra relations 

Only products K±K^ act in Tik, and Kq takes there the constant value k. 
The operators Kq, K± commute with Jj, i = 1,2, 3, but they are not 
independent as the corresponding Casimir operators are equal: 

J! = Kl + \{K^K^ + K^K+) . (27) 

To any $ G ^ we assign the standard integral over S'^ 

loom = ^/^'^ -^(^i - '^(^) • (28) 

This allows the introduction of the scalar product on Hk as follows: 

(<fl<f2)fc = /oo[$I$2] . (29) 

■^It is important to note that the operators Jk and Kq do commute with the restriction 
X^X = ''j so they naturally act on the algebra of functions on S^. 
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We identify the complex scalar field $ with the topological charge n 
with the elements of Tik- The corresponding field action is given as 

= lJ^^*{K+K^ + K_K+)^ + V{^*^)\ , (30) 

where V{.) is a polynomial bounded from below. According to eq. (27) the 
differential operator ^{K^K_ + K^K^) can be rewritten in Ti^ as follows: 

]^{K^K_ + K.K+) = Jf - . (31) 

We stress that formula (30) for the action is equivalent to (11). 

We obtain the noncommutative (fuzzy) line-bundles by replacing the com- 
muting parameters Xa, Xa: a = 1, 2, by the noncommutative ones, expressing 
them in terms of annihilation and creation operators as 

X„ = R-"^ , xl = R-"^Al , (32) 

where 

R = AlA^ , (33) 

so that the condition XaXo = 1 is satisfied (without lack of generality, we 
choose the unit radius r = 1 of the sphere). The operators Xa are well defined 
on all vectors except vacuum; we complete the definition by postulating that 
they annihilate the vacuum. The operators A^ and A* (* denotes Hermitian 
conjugation) act in the Fock space T spanned by the orthonormal vectors 

W.n^) = ^l==iA\r\A\r\^) , 

where |0) is the vacuum defined by A^\^) = A2IO) = 0. They satisfy in !F the 
commutation relations 

[A^,Af,] = [A*^,A;] = 0, [A^,A;] = 5^p. (34) 

The operators R and 

R3 = I (35) 



*In other words: the section of the line-bundle with the winding number k. 
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satisfy in T the ti(2) algebra commutation relations 

= ieijkRk , [Ri, R] — ■ (36) 

Equation (35) is the Schwinger- Jordan realization of the su{2) algebra. On 
the other hand, it is just the noncommutative (quantum) version of the Hopf 
fibration (18). 

As Hk, k e |Z, we denote the linear space spanned by the normal prod- 
ucts 

rr'xT'xTxT (37) 

with A; = I (mi + 7712 —ni —n2) fixed. Obviously, ^ = ?Yo is the noncommu- 
tative algebra generated by R,Rj,j — 1, 2, 3 with relations (36). The spaces 
iik are ^-bimodules. The operators Jj act in TYj. as follows 

J^f = [RjJ] , (38) 

and they satisfy in Ti^ the su(2) algebra commutations relations. 

For the following discussion, it is useful to consider {N + l)-dimensional 

subspaces 

:Fn = {1^1,712) , m + n2 ^ N } , N ^ 0,1,2,... , 

of the Fock space J^. The operator R takes in J^n the constant value R — N. 
The subspace jFjy is the representation space of the unitary irreducible spin 
^-representation of the su{2) algebra in which the Casimir operator 

C = Rl + -{R^R_ + R_R+) , i?± = R^±iR2 , (39) 
takes the value 

-f(f-)- («) 

As Hmn we denote the space of linear mappings from jF/v to J-'m spanned 
by the monomials (37) with 1111+7112 < M, ni + n2 < N, mi-\-m2 — ni —n2 — 
M - N. Obviously, 

Any operator $ G Ti-MN maps jFjy to J-'m, and can be represented by an 
{M + 1) X (A^-|- 1) matrix. There is an antilinear isomorphism between H-mn 
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and TCnm represented as the (matrix) Hermitian conjugation. In TLmn we 
introduce the scalar product 

= y^Tr,,($2$D = ($;,$I)iVM, (41) 

where J = |(M + A^) and Tr^/ denotes the trace in the space IKn'N'- 

In particular, An = Ti-NN is an (A^ + 1) ^-dimensional algebra generated 
by R^^\Rj^\ j = 1,2,3, where R^^\Rj^^ denote the restriction of R and 
Rj in jF/y. This restriction generates the algebra homomorphism A An- 
We point out that in there is an additional relation 

rW -N = 0, (42) 

which expresses the fact that J-'n is the space of an irreducible representation 
of su(2). To any operator $ G we assign the integral 

^^[*] = FTT^^^^*^) • (43) 

In 0, we proved that for N oo the algebras An approach the standard 
commutative algebra of functions Aoo and In[^] -^oo['^']- Obviously, Hmn 
is a left ylM-module and a right ^Ar-module. 

The generators of 5^(2) rotations Jj in Hmn are given by 

J,$ = Rf'h - <l>i?f ) . (44) 

This su{2) algebra representation is reducible and is equivalent to the direct 
product of two irreducible su{2) representations: 

Y®y = 1^1 © (1^1 + I)-" © J, (45) 

where k = ^{M — N) and J = ^{M + N). This means that any operator $ G 
Hmn can be expanded into operators ^j^my belonging to the representations 
indicated in (45): 

Ji'^Jkm = JU + , J = | ^ | , | | + 1, . . . , J , 
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3 



3 

Jkm 1 



\m\ < j . 



Putting J± = Ji ± iJ2 we obtain the highest-weight functions 



N 



Jkj' 



(2j + l)! 



" *j+k " j—k 
X2 Xl 



(46) 



satisfying J+$j^^ = 0. Here the normahzation constant Nj^j with respect to 
the scalar product (41) is given by the equation 



N 



Jkj 



{J + 1){J + k)\{J -k)\ 
\ (J + j + l)!(J-j)! 



(47) 



(we used eqs. (26) on p. 608 and (43) on p. 618 of Ref. [|T4|)- The other nor- 

0, ±1, . . . , ±j, in the irreducible representation 



malized functions ^j^^) 
containing ^''jkj are given by 



Jkm 



(j + m) 



\ (j-m)!(2j)! 



j3-m^] 



Jkj 



(48) 



Now we are ready to discuss the commutative limit J —>■ oo, k fixed. 
Not only in this limit do x* a^^^d x commute among themselves, also the 
normalization factor Njkj approaches 1 and expression (46) becomes the 
standard Wigner D-function D^j, expressed in terms of Xa,Xa instead of 
Euler angles. Since [Ji,R] =0, the same remains true for the functions ^j^^ 
given in (48). The normalization coefficient Nj^j is also a cut-off factor, as 
can be seen from (47), because Nj^j = for j > J. If we vary k while keeping 
J fixed, then x* a-nd x will cease to commute for J — |/c| — > 0, even though 
J can be very large. This is in accordance with the general principle (cf. |0) 
that approaching the maximal spin J of the truncation the multiplication 
becomes noncommutative. 

In the noncommutative case we identify a section $ of a complex line bun- 
dle with fixed winding number with an element oiTi.MN- The corresponding 
field theory action we take in the form 



1 



J 



Tr 



rl 



N 



(49) 
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where in the noncommutative case the operators K± are defined by 

= le^pAll^.Al] , = ie^p[A^,^Ap . (50) 

Note that the 'topological charge' operator Kq defined as 

ifo$ = \[R,^ (51) 

takes in T-Lmn the constant value k = ^{M — N). The order of operators in 
(50) is essential because it guarantees that the operators K± act on mono- 
mials exactly in the same way as in the commutative case. 

Note: We would like to stress that for the description of topologically 
nontrivial field configurations (with k 7^ 0), two algebras Am and An (with 
M — N = K 0) are needed. This is the reason why the discussion within 
only one matrix algebra (M = A^) corresponds to the topologically trivial 
situation (see e.g. [§ §, g 0). 

If the winding number of the field $ is not fixed, we work with fields from 
the space 

'H(j) = ^ 'Hmn , (52) 

M+N=2J 

and the corresponding action we take as 

5(j)[$,<l>*] = J2 Smn[<^,<^*] . (53) 

M+N=2J 

The action (53) has the following basic properties: 

1) it has the full su{2) symmetry corresponding to the rotations of S'^; 

2) it describes a model with a finite number of modes since, in fact, it 
corresponds to a particular matrix model; and 

3) it approaches in the limit J — ^ 00 the commutative action (for any 
given polynomial field $). 

In general, the complex scalar field from can be expanded as 

= E E oim ^'jkn. ■ (54) 

j=0 k,m=-j 

The quantum field mean value of a functional $*] is defined as 

(FH..r]) = ■ (55) 
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where D^D^* = Yijkmdal^dal-!^ is a finite product of tlie standard mea- 
sures in tlie complex plane. The quantum mean values are well defined for 
any polynomial functional $*]. 

Under rotations specified by the Euler angles the coefficients of 

the field expansion transform as 

m 

^km ^ ^ km' — X! ^m'mi^i l^i l) ^km ■ 
m 

These are the unitary transformations not changing the measure D^D^*. 
This completes the proof of rotational invariance of the model at the quantum 
level. 



4 Spinor fields 



For construction of the topologically nontrivial spinor fields we use the super- 
space approach developed in 0. First we perform the M = 1 superextension 
of the Hopf fibration described in the previous section. We obtain it from 
the mapping C^'^ R^'^ given by 



{xi.e^,) , i = 1,2,3 , = +, - 



where 

X, = , e, = tF,i ■ (56) 

Here ^+ = {XiiX2i^*)i ^^'^ ^± = Si ± 2^2, S3 and F± are 3x3 matrices 
given by 






( ° 


1 





s+ = 






















1 

71 




(57) 
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The quantities Xa, Xa i^^ = 1) 2) and a, a* are respectively even and odd 
coordinates of the superspace C^'^; * denotes the graded involution |Jl5|, || 
characterized by the properties 

Note that a restriction XiXi + X2X2 + «*o = 2p implies + 9^9_ = p^. Thus 
we obtain the Hopf superfibration sS^ sS"^ of the 3-supersphere in C^'^ 
with the fibration basis being the two-supersphere in E?'^. 

It is worth noting that Sj and are respectively even and odd generators 
of the osp{2, 1) superalgebra: 

[S3,F±] = ±^F±,[E±,F±] = 0, = F±, 

[F±,F±] = ±S± , = -S3 . (58) 

Here and in what follows, the symbol [A, B] denotes a supercommutator, i.e. 
the commutator AB — BA if either A or B is even, and the anticommutator 
AB + BA if both A and B are odd. 

A superfunction $ = $(,^,^*) on sS^ is represented as a linear combina- 
tion of monomials 

X*rxr'X?xTaV , (59) 

where m^, Ua are non-negative integers and /i, z/ = 0, The representatives, 
which are identical on the surface XiXi + X2X2 + 0'*0' = r, correspond to 
the same superfunction $ on sS^. To any such monomial we assign the 
topological charge 2k = mi + 7712 + fi — rii — n2 — ly. As sTifc, k G |Z, 
we denote the linear space spanned by the monomials with fixed k. Any 
superfunction $ G sHk can be expanded as 

$ = MX,X*) + f{x,X> + 9{X,X>* + F{x,xla*a, (60) 

where ^o,F G Hk are even and / G TY^+i, (? G are odd. The space 

sHq is a superalgebra with respect to tiie supercommutative 'point-wise' 
product of parameters ^,^*. The spaces sTCk are s^-bimodules. 

^If the monomial in (59) is odd, then it appears with an odd coefficient in the decom- 
position of the superfunction $ in the hnear combination of the monomials (59). Thus 
the superfunction $ itself is an even element of the Grassmann algebra. 
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The differential operators generating the osp{2, 1) algebra acting on sTik 
are given by 

z 

V, = llCKA; + ^aFXd^,] . (61) 

The function C{x,9) = xf + |(^+^_ — 0^6^) is an invariant superfunction 
from sT-Lq-. 

J,C{x, 9) = , v^C{x, 9) = . (62) 

The condition C{x,9) = defines a supersphere in R^'^. 

In sTio we can introduce a standard Berezin integral over the supersphere 
i] as 

= / d^xd9+d9_5{xf + 9+9_ - p"^) $(x,^) , (63) 

TV J 

where the super 5-function should be understood as 

5ix^ + 9^9_ - p') = 5{x} - p') + 9^9_ 5\x] - p') , 

(this formula is obtained by a Taylor expansion of the super 5-function). 
Expressing in terms of a, a* we obtain 

s/oo[$] = - I d^xda*da[5{x1 - p^) + pa*a5' {xj ~ p^)] ^{x,a) , (64) 

where one can now expand $ directly as in (60). Much as before, we can 
introduce the inner product in sTik 

(<l>l,<l>2)fc = sl^[<^l<^2] , (65) 

where (cf. (60)) 

The spinor field \1/ we identify with the odd part of the superfield $: 

^ = f{x.X> + g{x.X*)a* , (66) 

where / and g are also odd (cf. footnote 5). As Sk, /c G |Z we denote 
the set of spinor fields from s7ik, i-e. with / G Ti^+i and g G H^.i; Sk 
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arc ^-bimodules (but not s^-(bi)modules). The formula (66) induces the 
decomposition of the spinor space: 

S, = e St^ , (67) 

where Sj^^ corresponds to the first term in (66), and ■* to the second one. 
The chirahty grading operator F we define as the operator taking in Sjf"^ the 
value II — ±1: 

= f{x,X*)a - g{x,X*)a* ■ (68) 
The operator F can be reahzed as the differential operator 

F* = {ada - a*a,,)^ . (69) 

We define the free Dirac operator D as the following mapping from Sk to 

= {K+g)a + {K.f)a* . (70) 

It can be expressed as the second-order (in even and odd parameters) differ- 
ential operator 

= {ada*K^ + a*9„ir+)* . (71) 
The Dirac operator anticommutes with the chirality operator: 

DT + TD = Q . (72) 

The action for spinor field we define in terms of the Berezin integral 

= sI^[^*D-^ + iy(^*,^)] , (73) 

where W{^*, ^) is a suitable potential describing the self-interaction of the 
spinor field. 

Note: We would like to stress that the formalism for the spinor field presented 
above is equivalent to the usual one described in Section 2, but it is better 
suited for the non-commutative generalization. 

In the noncommutative case, we replace Xw X*a-i ^> ^* bosonic and 
fermionic annihilation and creation operators 

a = bR-'/' , a* = , (74) 
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where now 

R = AlA^ + h*h , (75) 

so that the condition XaXa + a*a = 1 is satisfied (this corresponds to the 
radius of the two-sphere p = 1/2). The operators Aa, A^,b,b* act in the 
Fock space sJF spanned by the orthonormal vectors 

\nun2;u) = -^l=={Air{Air{br\0) , 

where rii, n2 are non-negative integers, u = 0,1 and |0) is the vacuum defined 
by Ai\0) = A2IO) = 6|0) = 00. The annihilation and creation operators in 
question satisfy in s!F the supercommutation relations 

[A^,Ap] = [Al,A}] = 0, [A^,A}] = 

[A^,b] = = [A^,b*] = K,6*] = 0, 

62 = (6*)2 = , [6, 6*] = 1 . (76) 

The operators 

Rj = 2 ^*a^al3^0 1 

V+ = -^i-^lb - b*A,) ,V. = ^{-A;b + b*A,) , (77) 

then satisfy in the Fock space sJ-' the osp{2, 1) superalgebra commutation 
relations (58) (with an obvious change in the notation). 

As sHk we denote the linear space of superfields (60) with $0,-^ G Hk, 
f e "^fc+i 9 ^ '^k-\- Obviously, sA = sHq is a superalgebra, and sHk 
are s^-bimodules. The subalgebra A is naturally embedded into sA (as the 
set of $o's in the decomposition (60) for k = 0). The generators Jj and of 
osp{2, 1) act in the space sHk by means of the superadjoint action (cf. 0) 

J,^ = , V^<l> = [V,,^] . (78) 

Obviously, this is a reducible representation of the superalgebra osp{2, 1) in 
sHk- 

^Note that * still denotes the graded involution. This means that b* is the adjoint 
operator 6''' of b in the standard fermionic Fock space, but b** = —b. 
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The spinor field we identify witli tlie odd part of the superfield 

* = f{x\x)a + g{r:X)a* . (79) 

As <Sfe, k e |Z we denote the set of spinor fields from sHk, i-e. with / e "^fe+i 
and e ^fe-i- '^fc ^-bimodules (but not s^-(bi) modules). 
Formula (79) induces the decomposition of the spinor space: 

4 = ® 5^-) , (80) 

where S^'^^ corresponds to the first term in (79), and Sl~'' to the second one. 
The grading F we define in the same way as in (68): 

r^ = f{r,x)a - 9{x\x)a*. (81) 
It can also be written as 

= - . (82) 

Thus the grading is directly related to the fermion number and it takes, in 
the value ji — zkl. 
The free Dirac operator D we define as in (70): 

D-^ = {K+g)a + {K_f)d* , (83) 

where K± were defined in (50). The Dirac operator maps Sk into Sk and it 
anticommutes with the chirality grading operator: 

DT + YD ^ . (84) 

As sTn we denote the subspace 

sJ^N = {\ni,n2;i') ^ sJ^ , Til + n2 + ly = N} , (85) 

in which the operator R takes the value R — N. Obviously, sJ^n is a (2A^+1)- 
dimensional superspace 

sJ^N = sJ^P ® sJ4-i , (86) 

where sT^^) is the subspace with A^' bosons and u fermions, sJ-'P is the 
even subspace of sJ-'n, and sJ-'P_i is the odd one. The space sJ-'n is the 
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representation space of the irreducible representation of the superalgebra 
osp{2, 1) (generated by Rj, given above) in which the Casimir operator 

C^Rl + 1{R+R- + R-R+) + \{V+V^ - (87) 
takes the value 

C ^ ^N{N + 1) . (88) 

As sHmn we denote the space of linear mappings from sTn to sJ-'m 
spanned by the operator monomials 

with mi+m2+/i < M, ni+n2+iy < N and mi+m2+//— rii— n2 — = M—N. 
Any operator $ G s'Hmn can be represented by a (2A'" + 1) x (2M + 1) 
supermatrix. In s'Hmn we introduce an inner product 

($i,$2)Miv = sTr^($t$2) , (89) 

where J = |(M + N) and sTtn denotes the supertrace in the space sHnn- 
As in the purely bosonic case, the action of su{2) generators Jj on s'Hmn is 
given by the formula (44) with Ri given by (77). 

As Smn we denote the space of spinor fields from sHmn, i-e. 

* = fix*,x)a + 9ix*,x)a* , 
where / e 'Hm,n-i and g e Hm-i,n- This gives the decomposition 

c _ c(+) m c{-) 

'-'MAT — '~>MN ^ *-'MN ) 

where iS^jy contains spinor fields with the chirality // = ±1. The operators 
K±, entering the Dirac operator D (83), act in Smn', moreover, Kq takes in 
S^MN constant value |(M — N + jj,). The spinor field operators from 5^]v 
are odd mappings sjF/v sJ^m, namely: 

fa : sJ^^j^^ ^ sJ^ff , gd* : 5^^^,°^ ^ s^S^ . (90) 

According to (45), / and g can be expanded into operator functions belonging 
to the representations: 

M N-1 1, /T In r ^ 

Y = 1^ + 2 1 ® - ® - 2) ' ' 
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M-l 1, . l^ . 

__ ^ _ = |A; _ _| © ... © (J _ _) , for , (91) 

where k = |(M— A^) and J = ^{M+N). This means that / can be expanded 
into the functions ^ with j = |A; + ||, . . . , J — |, \m\ < j, and, in 

the same way, g into the functions ^ with j = | A; — ||, . . . , J — i, 

|?^| < j (cf. (48)). The admissible values of j are: 

J I I 2 ' I I ^ 2 2 

They can be seen from the representation content in Eqs. (91): 

(i) The first value j = |fc| — | is admissible only for A; 7^ 0, and for /c > 
it is present in g (chirality —1), whereas for A; < it is present in / (chirality 
+ 1). It corresponds to the \M — N\ (normalized) zero modes of the Dirac 
operator given by 

\/ (mi + mo + 1)! 1 
= ^^-^ rrxT'a* , for A; = -{m, + m, + I) > , 

J(ni + n2 + 1)! 1 
= ^^-^ xTxTd , for A: = --{m + n, + l)<0, (92) 

Note that the normalization does not depend on the cut-off spin J; therefore 
the correct commutative limit is obvious. 

(ii) The remaining eigenvalues j = \k\ + ^, J correspond to non- 
zero modes of the Dirac operator. Consider (normalized) functions ^j^^ 
with a given chirality /i = ±1 given by 

^^n. = ' = « ' (93) 

where ^j^/^ were defined in (46) and (48). Using the definition of the Dirac 
operator (83) and the formula[] 



K±^'jlm = VO' ± ^ + T /) <^Wl,m , (94) 



^Formula (94) follows from the properties of the Wigner functions (cf. the discussion 
after (48)) because K± act on the second subscript of <i>j;„j in exactly the same way as 
J± act on the third subscript. 
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we obtain the equation 



= E,,^'jlm , (95) 

where 

Ek, = + ■ (96) 

Thus the functions 

¥^ = — $^,t ± — $^.7 (97) 

^ Jkm Jkm Jkm K"^ ' J 

are (normahzed) eigenfuctions of the Dirac operator with the eigenvalues 
±Ekj. 

Note: We would like to stress that in the standard commutative case exactly 
the same formula is obtained for the spectrum, except for the fact that the 
admissible values of j are not truncated. As the number of degrees of freedom 
is finite this will lead to a non-perturbative UV-regularization (for a real 
scalar field this was demonstrated in 0). 

The action for the self-interacting (Dirac) spinor field \E' G Smn with a 
fixed winding number we define as follows 

^Miv[^*,^] = sTrN[^*D^ + W{^*,^)], (98) 

where \Ef = /a + ga*, \E'* = ag* — a*f*, and W{., .) is an interaction term. 
We do not wish to fix the winding number of the field \E'; instead we take \& 
from the space 

^iJ) = ^ Smn , (99) 

M+N=2J 

and we define the corresponding action as 

= Yl SmnI"^*,"^] ■ (100) 

M+N=2J 

This action has the following basic properties: 

1) It is invariant with respect to the space isometrics, i.e. the rotations 
of the sphere, and the chiral transformations 

^ e*"^^ , ^* ^*e*"^ , a e R , (101) 
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provided that the interaction term is rotationally and chirally invariant. 

2) It describes the system with a finite number of degrees of freedom. 

3) It approaches for J — > oo the commutative action. 

Note: The rotational invariance of the action Smn follows from the rotational 
invariance of the truncated Dirac operator. The chiral invariance of the action 
is obvious, because the Dirac operator D anticommutes with the grading F 
(cf. (84)). 

The spinor field ^ e Smn can be expanded as 

* = E + E E (4™ ^SL + «L ^'jlm) , (102) 

mim2 j=|fc|+5 

where the first sum corresponds to the zero modes (92) and the remaining 
two sums are related to the non-zero modes (96). All expansion coefficients 
a" in (102) are supposed to be independent anticommuting Grassmannian 
variables. In the same way, the field \I'* G S^m is supposed to have an 
expansion with independent Grassmann coefficients a*". 

The quantum field mean value of a functional ^*] is given as 

imw - nm^MD^'UMe-^«'''■■'^'^■•'Fl^i,^•] 

* - /|fl*lM.|C>l'-|«Me-»»»l«..-l • 

where J[D'^]mn[D'^*]nm ■ ■ ■ denotes the finite-dimensional Berezin integral 
over all admissible coefficients a" and a* ' with fixed k = |(M — N) and 
J=|(M + 7V). 

Taking into account that $jtm and the zero modes for A; > correspond 
to g, and similarly $j^„j and the zero modes for k < correspond to /, the 
chiral transformations (101) can be written as 

0,|fc|-| 0.1^=1-5 , pTia i± (^(^d\ 

where e{k) is the sign function. We see that the phase contributions to the 
measure [D^]mn from the non-zero modes cancel. As expected, the only 
contribution comes from \k\ zero modes (k — M — N): 
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Analogous rules are valid for expansion coefficients of the field The 
phase factors from non-zero modes cancel, and there is just the same phase 
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contribution from zero modes (since the conjugation and the change M—N — >■ 
N — M compensate each other in the phase factors) : 

[D^'Um ^ e-'^" [D^*]nm . 

Thus, the total change of the measure [D'^]mn[D'^*]nm is 

[D^i^]MNm*]NM [D^mn[D^*]nm . (105) 

We see that assuming fixed 7^ 0, the chiral symmetry is violated on 
quantum level. However, simultaneously taking into account fields with given 
k and —k, as e.g. in the chiral symmetry is restored. Thus, the measure 
D'^D'if* = Y\]^,j^[D'^]mn[D'^*]nm entering the quantum mean value over 



is invariant under chiral transformations (101) or (104), since D^!D^! 



5 Summary and outlook 

In treating the topologically nontrivial complex scalar field configurations in 
the noncommutative case, our main tool was the noncommutative version of 
the Hopf fibration encoded in the noncommuting parameters Xa, X*a^ = 1; 2. 
Any field configuration with the topological winding number k was expanded 
into the functions ^^km^ k = \{M - N), \m\ < j = \k\, . . . ,\{M + N) where 
^jfcm noncommutative analogues of the standard D-functions -D^^. Thus 
we gave an algebraic characterization of the winding number k = 2k, which 
is directly related to the index k of the D-functions in question. On the 
matrix level this leads to the (M + 1) x (A^ + l)-matrix representation of 
fields from the space Hmn- The usual matrix geometry models correspond 
to M = iV, and this is the reason why they describe the topologically trivial 
configurations only. 

The same procedure applied for the treatment of the topologically non- 
trivial spinor field configurations, too. Moreover, here the natural supersym- 
metry of the problem introduced in |^ was essential; we described the topo- 
logically nontrivial spinors on S"^ as the odd sections of nontrivial super-line 
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bundles on the supersphere sS"^. For this purpose we used the noncommu- 
tative Hopf superfibration in terms of even noncommutative parameters Xa, 
Xq, a = 1,2, to which we added a pair a, a* of odd noncommutative pa- 
rameters. We identified the spinor bundle Smn s^s the smallest space that is 
invariant under action of the Dirac operator D. The bundle Smn is spanned 
by \M — N\ zero modes of D and by the functions i , i a* , i , , i a 

corresponding to the non-zero modes of D. 

The models (98) and (100) are rotationally invariant and contain only 
a finite number of degrees of freedom on both classical and quantum levels. 
This truncation of the modes has the consequence that their quantum version 
is UV-regular (there are only finite sums instead of singular integrals and/or 
infinite series). A detailed discussion of these aspects in the case of a real 
scalar field can be found in [Q. 

The supersymmetry approach proposed in proved to be useful in de- 
scribing the chiral properties of spinors. Our spinor-field models have chirally 
invariant actions; however, the field functional measure [D^^ , D'$*]mn is not 
invariant for a fixed M — N ^ and, under chiral transformations, it is 
modified due to the zero modes by the factor e*'^". Only when the fields with 
given K and —k are treated simultaneously is the chiral invariance recovered. 
Thus the chiral properties of the theory are the same as those in the standard 
untruncated case. 

It would be desirable to include the gauge fields into our approach. Even 
more desirable and important is to extend our scheme to the four-dimensional 
(super)sphere S'^. We hope to attack these problems in a near future. 
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